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Abstract. The (im)precision of an abstract interpretation is typically
studied from the abstract side of a Galois connection (GC): either through
the abstract domain or the abstract semantics itself. This paper instead
studies a structural property of the concrete domain: how the genera-
tors—the minimal concrete witnesses of each abstract property through
the abstraction a—are distributed inside the preimages of «, and how
this distribution governs the (im)precision, i.e., the (partial) complete-
ness, of an abstract interpretation. We introduce the class of Generator-
Dense Galois Connections (GDGC), capturing the case in which every
concrete property lies above some generator of its abstraction, so that
the generators form a dense “basis” for the entire concrete domain. We
study GDGCs from two angles. On the structural side, generator-density
is preserved by products and pointwise liftings but not by composition
in general; we identify two sufficient conditions recovering closure under
composition. On the (im)precision side, generator-density enables reduc-
ing the proof of an abstract interpreter’s (partial) completeness from the
entire concrete domain to the generators alone. In other words, the ab-
stract interpreter’s (im)precision is fully characterized by its behavior on
generators, and any imprecision the analyzer incurs at a concrete input
can be localized at a specific generator below it, providing a simple target
on which to focus precision-improving refinements.

Keywords: Abstract Interpretation - Galois Connection - Generator -
Generator-Density - Partial Completeness.

1 Introduction

In the theory of abstract interpretation [18,19,17], Galois connections lie at the
heart of program analysis design: a typically very large or even infinite concrete
domain C of (possibly undecidable) program properties is paired with a simpler
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abstract domain of (possibly decidable) program properties A via an abstrac-
tion map o : C — A and a concretization v : A — C. A concrete semantic
function [P] : C — C—computing the behavior of a program P on concrete input
properties, and typically computationally intractable—is then approximated by
a sound abstract counterpart [[P]]n : A — A that operates on the simpler abstract
domain. The abstract result is always a sound over-approximation of the con-
crete program behavior, formally [P]oy C¢ vo[P]*, where T is the partial order
of the concrete domain. The fundamental question is then: how close is the ab-
stract result [P]*(a(c)) to a([P](c)), the abstraction of the concrete computation,
on every input ¢ € C? The strongest possible answer is completeness, requiring
exact equality a o [P] = [P]’ o o Since completeness is hard to achieve in prac-
tice [26], recent work has weakened it in two ways: local completeness [7] requires
equality only on a subset of inputs S C C, and partial completeness [13,8] admits
a bounded amount of imprecision measured by an order-compatible distance on
the abstract domain. A common approach to study precision in either form is
to focus on the abstract side of the GC, for instance by characterizing program
properties that determine when an abstraction is precise [26,5,9], or by refining
the abstract domain or its semantics [21,20,40,17].

In this paper, we instead approach the study of the (im)precision of an ab-
stract interpretation from the concrete side of the Galois connection. We iden-
tify a structural property of the concrete domain that, when it holds, lets the
(im)precision be characterized via a set of canonical concrete representatives.

A first step in this direction was taken in [10] with the notion of generators
of an abstract property a € A: a Ce-minimal concrete witness of a through
the abstraction «, carrying just enough concrete information to produce a and
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nothing more. For instance, in the GC (p(Z), C) —— (Int,Cine) of the stan-
Int

dard interval abstract domain Int [18], the generator of an interval [c,d] (with
¢,d € Z, ¢ < d) is the two-element set {c,d}, the C-smallest integer set whose
abstraction is [c,d]. As observed in [10], studying the imprecision of an ab-
stract interpretation at generators automatically yields worst-case imprecision
bounds at some specific concrete inputs—in the interval example, at every S
with {c,d} C S C Yine([c, d]).

Whether this argument from generators scales to all concrete elements in C
depends on a structural property of the concrete domain of the GC: how the gen-
erators are distributed within the fiber (i.e., the preimage) o *(a) of any a € A.
In some GCs, there could exist concrete elements that lie above (in terms of C¢)
no generator, which therefore escape any generator-based argument. This is the
case of a™([e, +o0]) for unbounded intervals since [¢, +00] does not admit any
generator. In other GCs, every concrete element of a*(a) sits above some genera-
tor of a, and thus reasoning at generators automatically lifts to global guarantees
on the full concrete domain. We call this latter property generator-density, and
the GCs satistying it, Generator-Dense Galois Connections (GDGC). GDGCs
are the central object of study of this paper. The next paragraph illustrates the
utility of generator-density on two simple programs.
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An illustrative example. Fix a bounded integer range J = [MIN, MAX] N

Z and consider the bounded-interval GC (p(J), C) <Z;|—m> (Ints, Ejnt), where

aunt(S) is the smallest interval [min(S), max(S)] containing a non-empty S C J.
This GC is generator-dense: every interval [a,b] € Int; has the pair {a,b} as its
(unique) generator, and every S € a;},([a, b]) contains {a, b} by definition of cype.
Now take the absolute-value program

ABS : if >0 then z:=x else x:= —x

with its standard collecting semantics [ABS]: p(J) — @(J) and the standard
abstract interval semantics [[ABS]]FM: Int; — Inty, which on an input [a,b] with
a <0 < b returns [[ABS]]?M([CL b)) = [0, max(|al, b)]. Consider, for n > 0, the sign-
symmetric interval [—n,n], whose generator is {—n,n}. At the generator, the
concrete computation yields [ABS]({—n,n}) = {n}, which abstracts to the sin-
gleton interval [n, n]; the abstract semantics instead returns [[ABS]]fnt([—n, n)) =
[0,n], an over-approximation containing n spurious integer values 0,1,...,n—1
not produced by the concrete computation. The imprecision of [[ABS]}Fnt at the
generator {—n,n} is therefore exactly n, as measured by the counting distance
formally introduced in Sec. 6 (Ex. 15). This bound n propagates to the entire
fiber o}, ([—n,n]): every S € o, ([—n,n]) contains the generator {—n,n} as a
subset (its minimum and maximum are forced to be —n and n), and the bound
at {—n,n} therefore lifts to every such S. Take the specific instance n = 4
the preimage «;) ([—4,4]) contains exponentially many integer sets—{—4,4},
{-4,0,4}, {—4,-3,...,3,4}, and so on—yet on every one of them the impre-
cision of [[ABS]]Fnt with respect to [ABS] is bounded by 4, the value computed
at the generator. A single computation at a structurally simple, two-value gen-
erator therefore certifies an imprecision bound across an exponential family of
concrete inputs. This is the GDGC reduction at work: bounding the imprecision
of [[ABS}]Fnt at every generator {a,b} € Int; yields a worst-case imprecision bound
on every concrete input in p(J), and reasoning on the parametric family of two-
element generators thus replaces reasoning on the full powerset domain. Note
that this principle fails on the original GC (p(Z), C) % (Int, Cyne), which
is not generator-dense: for instance, the fiber o} ([0, —i—oo]g admits no minimal
element, hence no generator, so no set in it contains a generator.

The same reduction principle handles completeness itself. Take the program

RelLU : if £ <0 then z:=0 else z:==x

that maps negative values to zero, and the abstract interval semantics which on
an interval [a,b] returns [[ReLU]}?nt([a,b]) = [max(0, a), max(0,b)]. At every gen-
erator {a,b} € p(J), the concrete and abstract semantics agree by the equality:
aint([ReLU]({a,b})) = [[ReLU]],ﬂnt([a, b]). Hence, [[ReLU]]fint is locally complete at ev-
ery generator and, by generator-density, complete on the entire concrete domain
p(J): a check at the parametric family of two-element generators certifies that
the abstract semantics is precise on every input set.
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Contributions. The two examples above instantiate a principle that this paper
develops in full generality: when a GC is generator-dense, the (partial) complete-
ness of an abstract interpreter is fully governed by its behavior on generators.
Moreover, any imprecision the analyzer incurs at a concrete input can be local-
ized at a specific generator below it, providing a simple target on which to focus
precision-improving refinements.

In summary, this paper makes the following contributions:

— We introduce the class of Generator-Dense Galois Connections and give
equivalent order-theoretic characterizations together with examples and coun-
terexamples drawn from the abstract interpretation literature (Sec. 4).

— We characterize the closure properties of generator-density under the stan-
dard combinations of GCs: it is preserved by product and pointwise lifting,
but not by composition. We identify two sufficient conditions under which
generator-density is preserved by composition (Sec. 5).

— We prove our main result (Thm. 6): under generator-density, e-partial lo-
cal completeness of an abstract interpreter at every generator lifts to é-
partial completeness on the entire concrete domain, with the imprecision
function é propagated automatically from per-generator bounds. Cor. 2 spe-
cializes this to completeness. We finally illustrate the resulting methodology
on four GDGCs from the literature: bounded intervals, trace-to-reachability,
allocation-site abstractions, and a dependency abstraction (Sec. 6).

Sections 2 and 3 introduce the background needed for the rest of the paper.
All omitted proofs are in Appendix A.

2 Background

We recall the basic notions of order theory, Galois connections, and abstract
interpretation. For a comprehensive treatment, we refer to [17].

Order theory. Given two sets S and T, we denote by p(S) the powerset of
S, by @ the empty set, by S \ T the set-difference, and by |S| the cardinality
of S. Set inclusion and strict inclusion are denoted by S C T and S C T,
respectively. We write N, Z, and R for the sets of natural, integer, and real
numbers. We use a subscript on them to limit their range, such as R>q for the
non-negative real numbers, and the superscript co for adding the infinite symbol,
e.g, RS E {i|ic€R Ai>0}U{oo} such that i < oo for all i € R,

A partially ordered set, or poset, (L, C.) consists of a set £ endowed with
a partial order relation C, C £ x L, namely a reflexive, antisymmetric, and
transitive relation. We will highlight posets by using a calligraphic font, e.g., £,
to distinguish them from plain sets. The strict version of C, is denoted by C
and is defined by s Ty & 2 Cry Az # vy, for all 2,y € £. The reversed
(or dual) order of C is denoted by J., and its strict version by J¢. (£,Cr)
satisfies the descending chain condition (DCC for short) when every descending
chain lg Jp Iy Jdp lo dp - -+ of elements of £ eventually stabilizes, that is, there
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exists n € N such that [, = [, for all £ € N. We may omit the subscript £
from T, whenever the underlying poset is clear from context.

A function f: £1 — Lo between two posets is order-preserving (or monotone)
when Va,y € L1.2 Cp, y = f(x) Eg, f(y). A function is injective when Va,y €
Ly.f(z) = f(y) = x =y, and surjective when Yy € Lo.3x € Ly. f(z) = y.
The composition of two functions f1: L1 — Lo and fo: Lo — L3 is denoted by
fao fi: L1 — L3. The identity function over £ is id = \x. z.

Given a function f: £; — Lo and an element y € Lo, the fiber of f at y is
the subset of £ that f maps to y: f'(y) = {z € L1 | f(z) = y}. The family
{f*(y)}yer, forms a partition of the domain of f (up to empty fibers): every
x € L1 belongs to exactly one fiber, namely f'(f(z)). A subset S C L of a poset
admits a (possibly empty) set of minimal elements, defined as:

Min(S)Z{sc S|Vs' €S.sCrs=s =s}.

Galois connections. Galois connections are the basic algebraic structure of
the abstract interpretation framework [19,20], and formalize the correspondence
between a concrete domain C of exact properties and an abstract domain A of
approximate (or computable) properties.

Definition 1 (Galois connection). Let (C,C¢) and (A,C 4) be two posets. A
pair of order-preserving functions o: C — A (the abstraction or lower adjoint)
and v: A — C (the concretization or upper adjoint) forms a Galois connection

(GC), denoted (C,Cc) % (A, C4), when the following adjunction holds:
VeeC.Vae Aalc)Caa < cCey(a).

We say that a € A is an (over-)approximation of ¢ € C when ¢ C¢ ~(a), or
equivalently a(c) C4 a, and the best such a is exactly «(c) itself. Intuitively,
~(a) represents the weakest concrete property, with respect to C¢, which is
over-approximated by a, whereas «(c) is the strongest (most precise) abstract
property in A, with respect to C 4, that still over-approximates ¢. A GC is
a Galois insertion (GI) when v is injective (or, equivalently, a is surjective).
Intuitively, a GI contains no spurious abstract elements: every a € A is the
abstraction of some ¢ € C. Every GC can be turned into a GI by removing the
spurious elements of A, without losing any information.

Abstract interpretation. Abstract interpretation [19,20,17] is a theory of
sound-by-construction approximation of program semantics, obtained by replac-
ing a concrete, possibly uncomputable, semantic function with a computable
abstract counterpart that operates on a simpler domain of properties. Formally,
fix a GC (C,C¢) % (A, C 4), a concrete order-preserving function f: C — C,
and an abstract function ff: A — A. Note that f* is not required to be order-
preserving. The different degrees of precision of f* with respect to f are captured
by the following two definitions.

Definition 2 (Soundness). The abstract function f* is a sound (or correct)
(over-)approzimation of f when the following inequality holds: f o~ Ce v o f*.
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Soundness is the minimal requirement of any abstract interpretation: it en-
sures that no concrete behavior of f is overlooked by its abstract counterpart f*.

Definition 3 ((Local) Completeness). We say that f* is a complete approz-
imation of f when the following equality holds: ao f = ffoa.

It is a locally complete approzimation of f at a set of inputs S C C when
the equality holds on the elements of S, formally: Ve € S.a(f(c)) = ff(a(c)).

Completeness is the strongest form of precision achievable in abstract inter-
pretation: it requires the abstract behavior of f to coincide with the abstrac-
tion of the concrete behavior of f on all concrete inputs. Local completeness,
introduced in [6,7], is a weaker notion that relaxes the (global) equation to a
prescribed set of inputs S C C, thus enabling precise analysis on the inputs of
interest while tolerating imprecision elsewhere. Note that completeness coincides
with local completeness when S = C.

Completeness is also known in the literature as a-completeness or backward
completeness [29,17]. The adjoint-dual notion of Def. 3 is the y-completeness, or
forward completeness [29,17]: fory = vo f, with the equality now checked in the
concrete domain. The two notions play symmetric roles inside the GC frame-
work, but they address different verification scenarios: y-completeness compares
f(v(a)) against v(f*(a)) in C, whereas a-completeness is checked in A (typically
a domain of decidable properties) and is sufficient for verifying specifications
expressible in the abstract domain, the prevalent setting in GC-based static pro-
gram analysis. Clearly, in the case that the concrete and abstract domains do
not admit a GC, it is only possible to use the y-completeness as a precision
notion. Since we are assuming the existence of a GC, we accordingly focus on
a-completeness throughout the paper.

3 Generators of an Abstract Property

In this section we recall from [10] the notion of generator of an abstract property,
which is the building block of the present paper: generator-density, introduced
in Sec. 4, is a structural property about the distribution of generators inside the
fibers of the abstraction function.

For the rest of the paper, we fix a GC (C,C¢) — (A,C 4) between a
concrete and an abstract poset. “

Definition 4 (Generator [10]). The generator function 4: A — ©(C) asso-
ciates to each abstract property a € A the set 9(a) € p(C) defined by:

Y (a) = {g EC’(i) alg)=a N (ti)VeeC.cCe g= alc) Ca ag) }
Each element of 9(a) is called a generator of a.

Intuitively, a generator g of an abstract property a € A is a concrete property
that o maps exactly to a (condition (¢)) while carrying the least amount of
concrete information needed to represent a via « (condition (4i)). Note that (i)
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is stronger than the order-preservation of «, which guarantees only ¢ C¢ g =
a(c) E4 a(g); the strictness is precisely what characterizes generators as minimal
witnesses of a in the fiber a*(a). This minimality intuition is made formal by
the following characterization.

Proposition 1. For every a € A, 9(a) = Min(a(a)).

An abstract property a € A is said to be generable when it admits at least
one generator, i.e., ¥(a) # &. By Prop. 1, generability of a is equivalent to the
existence of a minimal element in the fiber av*(a). Generability may fail for two
distinct reasons:

(1) a*(a) = @, that is, a is not in the image of a. This case arises exactly
when the GC is not a GI, and captures the spurious abstract properties.

(2) a*(a) # @ but the fiber has no minimal element. This is the genuinely
order-theoretic obstruction: a is the image of some concrete property, yet
none of them is minimal.

Ezample 1 (Intervals over integers [18]). Consider the interval over integers

Int

GC (p(Z),<) % (Int, Cine), where Int = {[a,b] | @ € ZU {~oc0} A b €
ZU{+o0}Aa < b} U {Lint} with the standard ordering =+ induced by the inter-
val containment. For every closed interval [a, b] € Int we get: 9([a,b]) = {{a,b}},
namely the unique two-element subset consisting of the two endpoints. In con-
trast, the unbounded intervals [a, +00], [—00, b], [~00, +00] admit no generator
for reason (2) above: their fibers are non-empty, but any witness would require an
infinite set of integers with no minimal subset reproducing the same abstraction.

¢

Ezample 2 (Trace to reachability property [17]). Let (X, 7) be a transition sys-
tem, where X' is a (potentially infinite) set of states and 7 C X' x X' is a transition
relation. A trace is a non-empty sequence of states o = sgs; - - -, finite or infinite,
such that (s;,s;41) € 7 whenever s;,1 is defined. We write X7 for the set of all
traces, X7 C 2T for the set of the finite ones, and o, € X for the last state of a

T

finite trace ¢ € X*. Consider the GC (p(X+>°), C) ol {p(X), C) abstracting

arz
a trace property P € p(X 1) into the reachability invariant az(P) € p(X) col-
lecting the final states of all finite traces in P. For any S € p(X), the generators
of S are exactly

98 ={GepXt)|VoeGo,eS5 ANVseSANoecG.o,=5},

i.e., the trace sets containing, for each state s € S, exactly one finite trace
ending in s. Unlike the interval example, here a single abstract property may
admit multiple generators, reflecting the fact that distinct finite traces can lead
to the same final state. Moreover, since for each s € S the one-state trace (s) is
a finite trace ending in s, 4(5) # @ for any set of states S € p(X), thus all the
abstract properties in this GC are generable. ¢

When restricting attention to the generators of a € A approximated by (or
simply below) a concrete property ¢ € C, we write ¢(a)c. = {g € 9(a) | g Cc c}.
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4 Generator-Dense Galois Connections

The distribution of generators within fibers can vary substantially. Examples 1
and 2 show two different scenarios: in Ex. 1 some abstract properties are non-
generable, so concrete elements in their fibers have no generator below them; in
contrast, in Ex. 2 all abstract properties admit at least one generator and any
concrete property approximates at least one generator. In this section we focus
on GCs with the latter kind of distribution: every concrete property of each fiber
sits above some generator of the corresponding abstract property. This condition,
strictly stronger than asking every abstract property to admit a generator, is the
defining property of the class we study next: the generator-dense GCs.

We start by recalling the standard order-theoretic notion of dense subset of
a poset [33] (originally called coinitial subset in [1]).

Definition 5 (Dense set [33]). Let (£,Cr) be a poset and S C L a subset.
We say that S is dense in £ (or L-dense) when: Vi€ L.3s € S.sC 1.

Intuitively, every element of £ admits a lower bound inside S, so that S acts
as an “approximating basis from below” for £. In our setting the role of £ will
be played by the fibers a*(a) of the abstraction function, and the role of S by
the generators ¢4 (a) of the corresponding abstract property.

Definition 6 (Generator-dense GC). A GC (C,C¢) % (A, T 4) is said to
be generator-dense (GDGC for short) when, for every abstract property a € A:

Y(a) is o™ (a)-dense
that is, the generators of each fiber are dense in that fiber.

Unfolding Def. 6 and invoking Prop. 1, a GC is generator-dense exactly when,
for every abstract property a € A and every concrete property ¢ € a*(a),
there exists a generator g € ¥(a) with g C¢ ¢. In purely order-theoretic terms,
the minimal elements of every fiber of o are dense in the fiber. The following
proposition collects three equivalent reformulations of this condition that will be
used throughout the paper.

Proposition 2. The following statements are equivalent:

(i) (C,Cc) % (A, C4) is generator-dense;
(it) Ya € ANVe € a'(a). 9 (alc))ce # D ;
(iii) for every a € A, Min(a™(a)) is a™(a)-dense.

Item (7) is the definition itself, item (%) is its local form: generator-density is
equivalent to requiring that every concrete property c already contain a generator
of its own abstraction a(c) below itself, i.e., 4 (a(c))c. # @. Item (iit) rephrases
the condition in purely order-theoretic terms—the minimal elements of each fiber
are dense in it—without explicit reference to the generator terminology.

There are well-known GCs in the abstract interpretation literature (several
widely used in practice) that are generator-dense. We illustrate a few below.
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Ezxample 3 (Bounded intervals). Fix integers MIN < MAX and let J = Z>pyn N
Z<wmax. Consider the restriction of the interval GC (Ex. 1) to J:

(p(J), C) === (Int, Cine)

Xnt
where Int; = {[a,b] | a,b € J, a < b} U { L}, with Ly as bottom, and
0t (D) = Lint, aine(S) = [min(S), max(S)| for S # &. For every S € o, ([a, ])
one has {a,b} C S as a generator, witnessing o, ([a, b])-density. Hence the GC
is generator-dense. ¢
Ezample 4 (Sign [18]). Consider the sign GC (p(Z),C) % (Sign, Csign),
where Sign Z { 1, neg, zero, pos, <0, >0, #0, T} with the usual glat‘cice structure,
and asjgn maps a set of integers to the least sign that covers it. Each fiber is
witnessed from below by a finite subset. For instance, ¢ (neg) = {{n} | n < 0},
and for every S € ag,,(neg) (i.e., every non-empty S C Zg) any singleton
{n} C S with n € S gives a generator below S. The argument is analogous for
the other non-bottom abstract elements: for signs covering k£ atomic classes, a
generator picks one integer from each class, yielding a set of size k; for every
concrete property in the fiber, such a generator can be chosen below it. Hence
the GC is generator-dense. ¢

Ezample 5 (Trace to reachability). Consider the trace to reachability GC defined

in Ex. 2 (p(X+>),C) <Z_—i> (p(X),C). For every R C X and every T € o7 (R),

for each s € R pick a trace ¢ € T such that o, = s (such a trace exists
because s € az(T) = R); the set T = {0 € T | 0, € R} satisfiess Tp C T
and az(Tr) = R. Shrinking T to a subset-minimal element of a7 (R) yields a
generator g € 4(R) with g C T. Hence 4(R) is a7 (R)-dense for every R. ¢

Ezample 6 (Allocation-site abstraction [4]). Informally, let Loc be the (poten-
tially infinite) set of concrete memory locations, namely, the run-time memory
cells that a program allocates during execution. Following the standard mem-
ory model of points-to analysis [4], every successful invocation of an allocation
primitive (e.g., malloc(...) in C) produces a fresh, distinct element of Loc
that is never reused, so that Loc collects allocation instances rather than phys-
ical addresses and distinct allocation sites yield disjoint sets of locations. The
set AllocSite, by contrast, contains the allocation sites, namely the syntactic
positions in the source code where allocations occur (e.g., each occurrence of
malloc(...) in the program text). AllocSite is bounded by the size of the pro-
gram text, hence finite. A standard points-to abstraction [4] quotients Loc by a
surjective function 7 : Loc — AllocSite that maps each concrete location to the
unique allocation site where it was created (e.g., all the locations returned by
repeated executions of the same malloc(...) statement collapse to the single
site corresponding to that statement). This induces the GI
(p(Loc), ©) =5 (p(AllocSite), C)

n
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with a, (L) = {n(f) | £ € L}. For every S C AllocSite and every L € a;'(S),
choosing for each s € S a location {5 € L Nn'(s) (non-empty because s €
ay(L) = S) yields a set {5 | s € S} C L that is minimal in «;'(S), hence a

generator. So ¥(S) is a;) (5)-dense, and the GC is generator-dense. ¢

Ezample 7 (Dependency abstraction [16,43,38,37]). Let X be a finite set of vari-
ables, and let X = Z* be the set of all possible states s: X — Z mapping each
variable to an integer value. We consider a GC that captures variables dependen-
cies between initial and final states of (finite) program executions. Concretely, we
consider sets T' C X' x X where each pair (sg, s,,) € T represents an input-output
behavior. We write DEP, ,(T") when a variable dependency (z,y) € D C X x X
holds in T', formally:

DEP, ,(T') & J(sp,5,) €T V(sg,s.,) €T.80 =z ¢ = Su(y) # s.,(y)

where s =, ' & s(zx) # s'(x) AVy # x.5(y) = '(y). Informally: any change
to the input value of x (keeping all other input values unchanged) is guaranteed
to change the output value of y. This is the standard must non-interference
dependency: a guaranteed causal link between input x and output y, robust to
non-deterministic choices the program may make. We lift this notion to capture
variable dependencies that must hold over collections S C p(X x X) of program
executions:

(p(p(Z x %)), C) == (p(X x X), D)

where a..(S) Z {(z,y) | VI € S: DEP, ,(T)} and v..(D) Z{T | ¥(z,y) €
D: DEP, ,(T)}. The above GC is generator-dense: let D € p(X x X) and S €
aZ}(D). For each (z,y) € D (dependency that must not hold), define F,, =
{T € S| =DEP, (T} (which is non-empty since a..(S) = D). A subset S’ C S
has .. (S’) = D iff it intersects (hits) every Fj , (to exclude unwanted depen-
dencies). Since X is finite, there are finitely many F ,, hence a minimal hitting
set G C S exists. By minimality, no strict subset of G still hits all families, so G
is a generator of D. ¢

On the other hand, there are also many well-known GCs that are not generator-
dense. The interval GC shown in Ex. 1 and the octagon GC [39] fail it because
abstract elements with +0o bounds have fibers admitting strictly C-descending
chains with no minimum; the same problem rules out the Galois Connection
{p(p(XT>°)), C) %) (p(2T°°), C) between semantic (hyper)properties (sets
of sets of traces) and trace properties [17]. In Sec. 8 we discuss how the notion
of GDGC could be relaxed to accommodate some of these cases.

Two remarks about the interplay between generator-density of a GC and
generability of abstract properties (i.e., when ¥(a) # @) are in order. First, a
GDGC does not ensure that every abstract element is generable: when the GC
is not a GI, « is not surjective and, thus, there exists a € A with an empty fiber
o' (@) = @ which yields 4(a) = @ by Prop. 1, while the density condition is
vacuously satisfied on such fiber. Second, the converse also fails: even when the
GC is a GI and every abstract element is generable, density may still break. The
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typical obstruction is the presence, in some fiber a*(a), of an infinite strictly
descending chain of concrete properties sitting above no generator of a, as the
next example illustrates.

Ezample 8. Consider the GC (C,C¢) % (A, C 4) defined as follows. The con-
crete domain is C = ZU{ L¢,$, Tg, T}, ordered by extending the usual order on
7 with: 1o E¢c x C¢ T for every x € C; n E¢ Tg for every n € Z; $ E¢ Tg; and
Ts Cc Tc. The element $ is incomparable with every integer. The element Tyg is
included exactly so that the subset Z U {$} admits a join in C, which is required
for the abstraction below to preserve arbitrary joins. The abstract domain is
A= {148 T4} with L4 C4 $* C4 T4, and the abstraction is defined by
a(le) =14, a(Te) = Ta, and a(c) = $* for every ¢ € ZU {$, Ts}. One checks
that o preserves arbitrary joins, so the adjoint concretization ~y exists and sat-
isfies y(L4) = Le, v($%) = Tg, 7(T4) = Te. Moreover, every abstract element
is generable, with: ¢(L4) = {Lc}, 9($%) = {$}, (T 4) = {Tc}. However, the
GC is not generator-dense: the fiber a*($%) = Z U {3, T¢} contains the strictly

infinite descending chain 0 > —1 > —2 > - - - and no element of this chain has a
lower bound in ¥ ($*) = {8}, since $ is incomparable with every integer. Hence
G($%) fails to be ' ($)-dense. ¢

5 Operations on GDGCs

Abstract interpretations are typically assembled from smaller GCs by algebraic
operations, taking products, lifting pointwise over an index set, composing ab-
stractions, and so on. It is therefore natural to ask which of these operations pre-
serve the generator-dense property, so that the reduction-to-generators results
of Sec. 6 continue to apply to composite abstract domains obtained by such con-
structions. In this section we study three such operations: product, pointwise lift-
ing, and composition. Products and pointwise liftings preserve generator-density
unconditionally; composition does not, as we exhibit with a counter-example.

Theorem 1 (Product). Consider two GDGCs (C1,C4) <Z_—11> (A1,C%) and

(Ca,Co) <—:_Z> (Ag,CE). The product GC (Cy x Ca, Cy) e‘—Z—X> (A1 x Ag, C8),

with the componentwise orders
(c1,2) Ty (choch) & 1 Cich A ea Cadl
de
(a1,a2) C% (af,ap) & a1 Cf af A 0z Cf a,

and componentwise adjoints

def def

ax(c1,e2) = (au(cr), az(ca))  vx(ar,az) = (v1(a1),v2(az))
is generator-dense.

The intuition is that the product order is componentwise: a minimal element
of a product fiber is exactly a pair of componentwise minimal elements of the
individual fibers. Hence generator-density lifts coordinate-by-coordinate.
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Ezample 9 (Hyperrectangles of bounded intervals). Iterating Thm. 1 on the bounded
intervals GC of Ex. 3 yields the n-dimensional hyperrectangle GC

Vint n

<p(‘])n7 g> %) <|ntJ7 Elnt>

Xyt
abstracting n-tuples of sets of integers into n-dimensional hyperrectangles of
Inty. By Thm. 1, this GC is generator-dense: for each non-empty hyperrectangle
[a1,b1] X -+ X [ay, by] its unique generator is the tuple ({a1,b1},...,{an,bn}).

Theorem 2 (Pointwise lifting). Let (C,C¢) %} (A,E4) be a GDGC and

o Ypw
X a non-empty set. The pointwise lifting (X — C,Cpy) = (X — A, ng>r

pw

with the pointwise orders

d,

FCo /' EVzeX f(a)Ce fl(x), gCh, g € VaeX.g(z)Tad (),

and adjoints ., (f)(x) = a(f(2)), Ypw(9)(2) = v(g(x)), is generator-dense.

The proof (Appendix A) is analogous to that of Thm. 1: each fiber of cy,, is
a Cartesian product of base fibers indexed by X, and minimality is pointwise.

Ezample 10 (Non-relational store abstraction). Let Var be a (possibly infinite)
set of program variables. The non-relational sign-store abstraction is the point-

wise lifting of the sign GC (p(Z), C) <Zs_i> (Sign, Csign) of Ex. 4 over Var:

(Var — p(Z), Cpu) s (Var — Sign, Ch,,),

o
with agu () (@) 2 asign (p(2) and 7., (0) (¥) Z ysign(0 (). Since (p(2), ©) s
(Sign, Csign) is generator-dense (Ex. 4), so is its pointwise lifting by Thm. 2.
The same argument applies to any non-relational abstraction built by lifting a
generator-dense base GC over variables, e.g., intervals, parity, constants. ¢

We now turn to composition, the operation most frequently used to build
a chain of abstractions C — A; — --- — Ag. Unfortunately, in contrast with
products and pointwise liftings, composition does not preserve generator-density,
even when both components are GCs between complete lattices.

Theorem 3 (Non-closure under composition). Generator-density is not
preserved by composition of GDGCs.

Proof. Thm. 3 is witnessed by the following counter-example. Consider three
ordered domains: ¢ = {¢, | n e N} U{w} withw T -~ Cepr1 T e T+ T co;
A={a, | neN}tU{a* a,} witha, Ca*C - Capy1 Ca, C - - C ag; and
A = {bo, bl} with b; C bg. Define two GCs by:

ai(en) = an, an(w) = au; () € e, Mla”) Emlan) Zw;

def

as(an) = by, as(a*) = by, as(ay) Zbi; Y2(bo) = ao, Y2(b1) = ag.
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Both GCs are generator-dense: every non-empty fiber of oy is a singleton (note
that a* has empty fiber), and the non-singleton fiber a3 (by) = {a*} U {a, | n €
N} admits a* as its minimum, which is therefore its unique generator. However,
the composed abstraction as o a7 : C — A’ sends every ¢, to by and w to b;.
The outer fiber (g 0 aq)*(by) = {¢, | n € N} is an infinite strictly descending
chain with no minimum. Consequently, Min((azoaq)*(by)) = &, and ¢y has no
generator below it in the composed GC. a

Inspecting the proof of Thm. 3 reveals that the minimum a* of a3 (by) is
absent from the image of a1, so it cannot be pulled back through 1 to a minimum
of the composed outer fiber in C. The problem originates from the existence of
an infinite strictly descending chain inside an outer fiber ((az 0 1)~ (bp)), with
no lower bound in that fiber. Forbidding it amounts to requiring the descending
chain condition (DCC) on every outer fiber—a sufficient structural condition not
only for compositions, but for any GC to be generator-dense.

Theorem 4 (DCC on fibers). If, for every a € A, the fiber a*(a) satisfies
DCC with respect to C¢, then the GC is generator-dense.

The proof (Appendix A) proceeds by a standard DCC-descent argument:
starting from any ¢ € a*(a), we descend in the sub-poset {¢’ € a*(a) | ¢ C¢ ¢};
DCC guarantees this descent terminates at a minimal element of o' (a) which,
by construction, lies below c.

Two notable corollaries follow. (i) When C itself satisfies DCC, every fiber
inherits DCC (sub-posets of a DCC poset are DCC), so every GC over C is
generator-dense. This is the case, for instance, of bounded intervals (Ex. 3).
(#) Applied to the composition ag o ay of two GCs, Thm. 4 yields a sufficient
condition for closure under composition: if every outer fiber (as o ay)™(a’) sat-
isfies DCC then the composition is generator-dense, regardless of whether the
components are themselves generator-dense.

Ezample 11 (Binary floor abstraction). Fix N € N and let C = {0,1,...,N} x
(ZU{—00,+00}) with the pointwise order. C fails DCC, since (0,0) > (0,—1) >
(0,—2) > --- is a strictly descending chain that never stabilizes. Consider the
projection onto the second factor

(C,C) &= (ZU{—00,+00},<), a1(k,n)=n, ~(n)=(N,n).

For every n, the fiber {0,..., N} x {n} is finite with minimum (0, n), hence, by
Thm. 4, the GC is generator-dense. Compose with the binary-floor abstraction

(Z U {—00, 400}, <)_><ZU{ 00, 400}, <),

with as(n ) [n/2] on mtegers ap(+00) Z +00, as(—00) = —o0, 72(n) = 2n+1,
Y2(4+00) Z + 00, Yo(—00) £ — 0o, which is generator-dense (ﬁber of m € Z is
{2m, 2m+1} with minimum 2m; fibers of 0o are singletons). The composed ab-
straction sends (k,n) — |n/2], so the outer fiber of m € Z is the finite rectangle
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{0,..., N}x{2m,2m+1} and the outer fibers of 00 are {0, ..., N} x{£+oo}—all
finite, hence DCC. Thm. 4, applied to the composed GC, gives generator-density
of the composition. ¢

A different, more structural way to recover composition is to specialize the
left GC to a family for which the “minimum problem” shown in the counter-
example of Thm. 3 cannot arise: the elementwise GCs introduced by Darais
and Van Horn [23]. These lift an arbitrary function n : X — Y pointwise to
powersets, making the abstraction additive; the minimal elements of each fiber
a'(T) are then precisely the sets {{, | y € T} obtained by picking one 7-
preimage ¢, € 1" (y) for every y € T.

Definition 7 (Elementwise GC [23]). A GC (p(X),<) % (p(Y),C) is
elementwise if there exists a functionn : X —'Y such that o(S) = {n(z) | z € S}

forall S C X.

Elementwise GCs subsume many standard abstractions: the allocation-site
abstraction of Ex. 6 is elementwise via 1 defined as the allocation-site function,
and the trace-to-reachability GC of Ex. 5 is elementwise via (o) = o,, (defined
on finite traces, with infinite traces excluded from the domain). The next theorem
shows that elementwise GCs, unlike arbitrary GDGCs, enjoy a clean closure
property under composition with any GDGC.

Theorem 5 (Elementwise and generator-density). If GC; is elementwise
and GC5 is generator-dense, then GCy o GCy is generator-dense.

Ezample 12 (Allocation-site composed with region abstraction). It is easy to see
that the allocation-site GI of Ex. 6 is elementwise via the surjection n; : Loc —
AllocSite. We can now further abstract allocation sites into memory regions (e.g.,
heap, stack, globals) via a surjective function 7y : AllocSite — Region, which
induces the elementwise GI:
(p(AllocSite), C) <—_>:n2 (p(Region), C) .
n2

This second GC is generator-dense by the selection argument. By Thm. 5 (ap-
plied to GC; = allocation-site and GCy = region), the composition between
(p(Loc), C) and (p(Region), C) is generator-dense. This conclusion is not avail-
able from Thm. 4: when Loc is infinite, the outer fibers inherit arbitrarily long
descending chains of the form S D S~ {¢1} D S~ {¢1,¢2} D --- whenever they
contain an infinite set .S, hence they fail DCC.

The standard per-variable points-to map abstraction (Var — p(Loc), C) %
(Var — p(AllocSite), C) used in Andersen-style analyses—which tracks, for each
program variable, the set of allocation sites it may point to—arises as the point-
wise lifting (Thm. 2) of the GC of Ex. 6 over Var, and is therefore generator-dense
as well, but not elementwise. ¢

Since the composition of elementwise GCs via n1 : X3 — Xo,...,np—1 :
X1 — Xy is itself elementwise—via the composed function ng_1 00 np—
iterating Thm. 5 extends the closure property to arbitrary pipelines:
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i

Corollary 1 (Pipelines of elementwise GCs). Let GC; : (p(X;), C) =

Yk

(p(Xit1), C) be elementwise for i = 1,...,k — 1, and GCy, : {p(X}), C) <'a_—ﬁ
(A, C 4) be generator-dense. Then the full composition GCyo- - -oGCy is generator-
dense.

Cor. 1 covers many pipeline abstractions of the Cousot hierarchy [17], such
as the pipeline p(XT>°) — (X)) — Sign from traces to reachable states to sign
analysis, reducing the verification of generator-density to checking only the final,
non-elementwise link.

6 Partial Completeness and Generator-Density

Completeness of an abstract interpretation is the strongest precision condition
one can demand. Since this is hard to achieve in practice [26], partial (local)
completeness [10,8] has been introduced to relax the equality into a bounded
gap, measured by an order-compatible pre-metric on the abstract domain [13].
This reflects common practice: abstract interpretation-based program analyses
are typically shown to have bounded imprecision over specific subsets of inputs of
interest. This section first recalls the pre-metric framework (Sec. 6.1), then proves
the main result of the paper: under generator-density, partial completeness can
be established by checking only the generators, with the imprecision bound auto-
matically propagated to the whole concrete domain (Sec. 6.2). Sec. 6.3 illustrates
the theorem on four abstract domains.

6.1 Partial Completeness with Pre-metrics

Partial completeness [10,8] relaxes the completeness condition a0 f = f# o o by
admitting a bounded amount of imprecision, measured by a distance between
a(f(c)) and f*(a(c)) in the abstract domain. This distance is measured by pre-
metrics that manifest a form of compatibility (axiom (chain-order)) with the
underlying partial order of the abstract domain.

Definition 8 (Order-compatible pre-metric [13]). Let (£,C.) be a poset.
A function éz : Lx L — RS is a pre-metric compatible with T (C 2 -compatible
pre-metric, for short) when the following two axioms hold:

(if-identity) z =y = & (z,y) =0;
(chain-order) x CpyCrz = oc(z,y) < delz,2) A oc(y, 2) < oc(w, 2).

When additionallyx Cry = (dz(x,y) =0 = x = y) holds (chain iff-identity),
dc 1s said to be a strong C,-compatible pre-metric.

Axiom (if-identity) makes 0z a pre-metric in the standard sense: equal ele-
ments are at zero distance, but the converse need not hold. Axiom (chain-order)
imposes monotonicity along comparable elements: on any chain z E, y T/ 2,
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both inner distances - (x,y) and d.(y,2) are dominated by the distance be-
tween the two extremes dz(x, z). In abstract interpretation terms, instantiating
the chain with =z = a(f(¢)), y = ff(a(c)), and z = fg(a(c)) for two sound
abstract transformers ff Ca fg (so that ff is more precise than fg), this
captures the expected monotonicity of imprecision with respect to precision:
the more precise ff is closer to the concrete evaluation than the coarser fg—
sA(a(£(e)), FH(a(e))) < aa(a(F()), fi(a(c))—and the gap between £} and f}
cannot exceed the total imprecision of f§ relative to the concrete.

Essentially all the distances used in practice for measuring the imprecision
of abstract interpretations fit Def. 8 (see, e.g., [8,34,35,24,42,14,12]); we recall
three very simple ones that will be used in the examples of Sec. 6.3.

Ezample 13 (Equality distance [13]). For every poset (L, C.), the equality dis-
tance 67 : L x L — N is defined by 67 (z,y) £ 0 if * = y and 67 (z,y) = o0
otherwise. It is a strong C -compatible pre-metric. ¢
Ezample 14 (Size distance [11]). For any powerset (L) of a set L, the size
distance 5;}1&) : p(L)xp(L) — N between two sets S1, .52 € p(L) is the absolute
value difference in their size, i.e., 5;?2)(51, So) = Abs(|S;| — |S2|), where Abs is

the absolute value function (we assume Abs(co — 00) = 00). ¢

Ezample 15 (Counting distance on intervals [10f). On the bounded-interval poset
(Inty, Cine) of Ex. 3, the counting distance §r; : Int; X Int; — N°° measures the
absolute difference between the cardinalities of the two concretizations:

gne(lar, b1], [az, ba]) = Abs( |yint([a1, b1])| — |yt ([az, b2])] ) -

It is a strong C,;-compatible pre-metric, quantifying the number of spurious
integer values introduced by an over-approximation: when [aj,b1] Cint [az, ba,
4 ([a1, b1], [az, be]) is exactly the number of integer values in [ag,bs] but not
in [a1,b1]. A multi-dimensional generalization is the volume distance §*°' [13],
which computes the difference of the volumes of two hyperrectangles. ¢

Definition 9 (e-Partial (local) completeness [10]). Consider a GC (C,C¢
) %) (A,E4), a C4-compatible pre-metric d4, an order-preserving concrete
function f: C — C, and a bounding function e: C — RZ,. A sound abstract
function f*: A — A is e-partial local complete for f at S C C when:

Ve € S.da(a(f(0), fFale)) < e(e);
It is e-partial complete for f when S =C.

The bounding function e: C — R} assigns a budget of admissible impreci-
sion to each concrete input c¢: the abstract function f? is e-partially complete
for f when, measured by J4, its output on «a(c) is at most e(c) away from the
abstraction «(f(c)) of the concrete output. Partial local completeness restricts
the requirement to a subset S C C of interest. When the pre-metric chosen is
also strong, O-partial completeness, where 0 = Az.0, corresponds to complete-
ness (Def. 3) thanks to axiom (chain iff-identity).
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6.2 Main Result: Reducing to Generators

We write G = (J,. 4 %(a) for the set of all generators of an abstract domain A.

Theorem 6 (GDGC and partial completeness). Assume (C,Cc) %

(A,C4) is generator-dense. Let f : C — C be order-preserving, f* : A — A
sound, and 64 a C_4-compatible pre-metric. The following implication holds:

f* e-partial local complete at G = fti s é-partial complete
where for all c € C: &é(c) = inf{e(g) | g € Y(a(c))ce}-

Thm. 6 states that once f* is e-partial local complete at every generator
g € G, it is automatically é-partial complete on the entire concrete domain,
with é(c) equal to the greatest lower bound among the e-values of the generators
of a(c) below c¢. Generator-density is the structural hypothesis that drives the
reduction: it ensures ¢ (a(c))c. is non-empty for every ¢, so that the infimum
is taken over a non-empty set. Moreover, when e takes values in a well-ordered
set—as is the case when its values lie in N*°, e.g., for the counting distance
of Ex. 15—the infimum is attained at a specific g* € 4(a(c))c., making the
bound witnessed: one can exhibit a canonical generator realizing it. Note that
the reverse implication of Thm. 6, which would be written as

fjj e-partial local complete at G < f¥ is e-partial complete

is trivially satisfied since G C C.
Thm. 6 has a clean consequence for completeness (Def. 3).

Corollary 2 (GDGC and completeness).
f* is locally complete at G < f* is complete.

Cor. 2 is obtained as a direct instance of Thm. 6 by taking the strong pre-
metric 07 (Ex. 13) and e = 0. Under these choices, & = 0 and (chain iff-identity)
of 67 upgrades 67 (a(f(c)), f*(a(c))) = 0 to the equality a(f(c)) = f*(a(c)).

The value of Thm. 6 and Cor. 2 lies not primarily in a cardinality reduction—
G is typically as large as C when C is infinite—but in a structural one. Not in
cardinality reduction because, whenever « separates singletons (i.e., a({z}) #
a({y}) for distinct atoms z,y € X), each singleton {z} is minimal in the
fiber a'(a({z})), so |G| > |X|; hence G is infinite whenever X is. This cov-
ers all standard abstractions—sign, intervals, allocation-site, points-to, trace-to-
reachability—and precludes an “infinite-to-finite” collapse for any abstraction
that distinguishes concrete atoms. Finite G with infinite C is possible only under
“heavy forgetting” abstractions, such as the projection S +— SN E onto a fixed
finite observable set F.

What the reduction does buy is structural, in three complementary ways.
First, each generator g € ¥(a) is a canonical witness for a: a minimal concrete
property carrying only the information of a and nothing else.
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Second, Thm. 6 and Cor. 2 highlight that, when working with GDGCs, both
the precision and the worst-case imprecision of f# with respect to f at any input
in C are fully characterized by its behavior on generators. Moreover, Thm. 6
localizes the origin of imprecision of an abstract interpretation: when f* is é-
partial complete with é(c) = e(g*), the worst-case imprecision at c¢ is entirely
accounted for by a single generator g* C¢ c¢. For the completeness case, dually,
incompleteness at c is certified by incompleteness at some g C¢ ¢, giving a
concrete, structurally simple diagnostic target for precision improvements.

Third, the generator set G typically forms a parametric family—singletons
{n} for sign, pairs {a,b} for bounded intervals, sets {¢; | s € S} picking one
concrete representative per abstract element, for allocation-site and trace-to-
reachability—which may allow inductive, symbolic, or case-based reasoning in a
way arbitrary concrete elements may not.

6.3 Examples

We illustrate Thm. 6 and Cor. 2 on four GDGCs, each exhibiting a different
aspect of the reduction.

Ezample 16 (Bounded intervals: worst-case imprecision of ABS ). Take the bounded
interval GC (p(J), C) Fj;t—) (Ints,Cint) of Ex. 3, equipped with the counting
oy

distance 4, of Ex. 15, and the absolute-value program
ABS : if £ > 0 then z := x else z := —=x

with its standard collecting denotational semantics [ABS]: p(Z) — ©(Z) collect-
ing the outputs reachable from a set of inputs, and the standard abstract interval
semantics [[ABS]]',jnt (see, e.g., Chapter 4.5 of [40]). We have seen in Ex. 3 that the
generator of every interval [a, ] € Int; is the pair {a,b} C J.

At the generator {a,b} with a < 0 < b, direct computation yields

ane([ABS]{a, b}) = [min(|al,b), max(|a|,d)]
[ABS], (cune({a,b})) = [0, max(|al,b)],
50 e (aunt ([ABS]{a, b}), [[ABS]]fnt([a, b])) = min(|al,b). Setting e({a, b}) = min(|al,d)
on generators with opposite signs (i.e., a < 0 < b) and e = 0 on sign-uniform

ones yields e-partial local completeness of [[ABS]Hjnt on G. By Thm. 6, since the
GC is generator-dense, for every S € p(J) with ajne(S) = [a, b],

fre (o ([BS]S), [ABS]f,(cue(5)) < &(S) = e({a,b}).
The worst-case imprecision of [[ABS]}?nt over every concrete input S is therefore

controlled by a single pair of extreme values {a,b} C S: testing two integers per
interval fiber certifies the bound over the entire p(.J). ¢
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Ezample 17 (Trace to reachability: per-trace completeness). Consider the ele-
mentwise trace-to-last-state GC (p(X+°), C) <Z_—n> (p(X),C) via (o) = oy,
on finite traces (cf. Ex. 5 and Def. 7). Given R € p(nﬂ), its generators are the sets
having the form {o | o, € R} consisting of exactly one finite trace ending in each
reached state s € R; in particular, singleton abstract states R = {s} admit sin-
gleton trace sets {o} as their generators. By Cor. 2, an abstract semantics [[P]]t;( )
is complete iff it is locally complete on every such one-trace-per-state generator:
whole-set precision reduces to per-generator (indeed per-trace when |R| = 1)
precision. This principle mirrors the idea underlying trace partitioning [41]: by
splitting a set of traces along the partition induced by final states, completeness
of the analyzer factors through completeness on each piece of the partition. ¢

Ezxample 18 (Allocation-site: precision at generators, imprecision at merging).
Consider the allocation-site GI of Ex. 6, elementwise via 1 : Loc — AllocSite. Its
generators are the sets {¢; | s € S} consisting of exactly one concrete location
per abstract allocation site s € § C AllocSite: configurations on which the ab-
straction 7 is injective when restricted to the generator, namely no two distinct
concrete locations inside the generator share an allocation site. By Cor. 2, a
sound abstract transfer function is complete on the entire p(Loc) iff it is exact
on every such generator. This formalizes the intuition that imprecision in this
abstraction arises from merging—distinct concrete locations being abstracted
to the same allocation site—rather than from configurations on which 7 is in-
jective: such configurations already determine global precision, so an analyzer
that handles them exactly is automatically precise. Partial completeness refines
the picture via Thm. 6: given any imprecision measure of interest ¢§, for every
concrete location set L C Loc, the imprecision of the transfer function on L is
bounded by é(L) = inf{e(g) | ¢ € ¥(a,(L))cr}, ie., by the tightest e-bound
achievable on a generator of v, (L) contained in L. Generators with large e-values
pinpoint the configurations on which the analyzer introduces spurious allocation
sites, providing targets for selective refinement (e.g., by allocation-site splitting
or context sensitivity). The same conclusions hold for the points-to map ab-
straction (Var — p(Loc), C) % (Var — p(AllocSite), C) of Ex. 12: checking
partial completeness at the maps assigning to each variable exactly one concrete
location per allocation site certifies it on every points-to map. ¢

Example 19. Let us consider again (p(p(X x X)), C) <Zi> (p(X x X), D) of

Ex. 7 and let X = {z,y} and ¥ = {T,F}*. We equip p(X x X) with the size
distance 5;1&xx) of Ex. 14. Given the program

SWAP : if x =T theny:=Felsey:=T
we define its collecting semantics [SWAP]: p(p(X x X)) — p(p(X x X)) as

[SWAP]S = {{(s0, $w[y + —8w()]) | (50,5,) € T} | T € S}, and its abstract se-

mantics [SWAP]": p(X x X) = o(X x X) as [SWAP]*D £ D~ {(y,v), (z,y)} which
abstracts away control dependencies. Recall from Ex. 7 that any generator G € G
is a minimal hitting set for the collections of input-output behaviors excluding
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dependencies that must not hold. Given any generator G € G, by definition of
. and [SWAP]®, we have (y,y) & [SWAP]*a.(G) and (z,y) € [SWAP]*a...(G).
Moreover, by the definition of c.. o [SWAP], we have (y,y) € a..([SWAP]G) but

(z,y) € a.([SWAP]G). Thus, éz&xx)(aw([[SWAP]]G),[[SWAP]]ﬁaw(G)) < e(@G),
for e = 1 and for any G € G, meaning that [SWAP]® is e-partial local com-
plete at G. Hence, thanks to Thm. 6, [[SWAP]]ﬁ is also e-partial complete for any

S € p(p(X x X)). This is the GDGC reduction at work: an e-partial local
completeness at generators lifts automatically to e-partial completeness. ¢

7 Related Work

Generators in abstract interpretation. The notion of generator of an abstract
property was introduced in [10] to support an inductive proof system for partial
completeness whose judgments e-BOUND(P, g)4 are parametrized by a single
generator g. Thm. 6 is the ingredient that lifts such per-generator judgments to a
global partial-completeness guarantee, provided the underlying GC is generator-
dense. In this sense, GDGC is precisely the structural hypothesis that makes
generator-parametric reasoning globally sound.

Completeness, local completeness, partial completeness. Completeness (Def. 3)
was introduced by Cousot and Cousot [19] and further studied by Giacobazzi et
al. in [30], who showed that it is inherently hard to achieve [26]. A line of re-
cent work has therefore weakened it: Bruni et al. develop local completeness and
the associated Local Completeness Logic (LCL) for program verification [6,7];
Campion et al. introduce partial completeness through order-compatible pre-
metrics [13,12], used here in Def. 8; and [10] combines the two into a per-
generator partial-completeness proof system for imperative programs. Our main
result (Thm. 6) sits at the structural level beneath these efforts.

Constructive Galois connections. Darais and Van Horn [23] introduced con-
structive Galois connections (CGCs) as a structural construction principle for
GCs over a powerset, concrete domain: any function n : X — A extends addi-
tively to a GC (p(X), C) % (A, Ea) via a(S) = V 4{n(z) | z € S}. Con-
versely, every join-preserving abstraction admits the canonical decomposition
a(S) =V {a({z}) | z € S}, so every GC with a powerset concrete domain is
automatically a CGC, with n(z) = a({z})—the constructive structure comes for
free in the powerset setting. A more restrictive sub-case studied in their Sec. 8.2
is the elementwise abstraction: the CGC where A is itself a powerset p(Y") and
7 : X — Y maps into the underlying set Y (rather than into p(Y")), so that
a(S) = {n(z) | z € S}. This is exactly the elementwise GC of Def. 7.
Generator-density and the CGC condition live in different worlds and are
independent. CGC is a structural hypothesis on how an abstraction is built
(element-by-element extraction from a powerset); generator-density is a fiber-
level hypothesis on the existence of minimal witnesses inside a*(a). For instance,
the interval GC over ZU{+o00} has a powerset concrete domain, hence is a CGC,
but fails generator-density (Ex. 1); conversely, any DCC concrete domain that
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is not a powerset yields a generator-dense GC (Thm. 4) for which the CGC
notion is undefined. The two notions collapse in the elementwise sub-case: every
elementwise GC is generator-dense (resp. constructive), and arbitrary pipelines
of elementwise GCs followed by any GDGC (resp. CGC) remain generator-dense
(resp. constructive) (Thm. 5, Cor. 1).

Dense sets and fiber minimality. The order-theoretic notion of a dense (or coini-
tial) subset of a poset goes back at least to Abian [1] and was systematically
developed by Hoft [33]. Generator-density (Def. 6) instantiates this condition
fiber-by-fiber on the abstraction map «. Similar structural conditions appear
in the study of atomic lattices and algebraic lattices in domain theory [2,31].
The fiber-local perspective also isolates the source of non-density: as illustrated
by the unbounded intervals, octagons [39], and semantic properties of traces,
non-density is caused by infinite strictly descending chains within a single fiber.

8 Conclusion

We introduced the property generator-density of a GC as the structural property
that turns the generators of an abstract domain into a “basis” of the concrete one:
every imprecision an abstract interpreter incurs is already manifest on a struc-
turally simple, generator-shaped witness. The methodological payoff is twofold:
not only a reduction of the (partial) completeness check from the full concrete
domain to the generator set alone, with imprecision bounds propagating auto-
matically, but also a localization of the origin of imprecision at specific generators
below the input—simple targets to focus precision-improving refinements on.

A distinctive feature of generator-density is that it is a property of the con-
crete domain—of how concrete elements distribute inside the fibers of a—rather
than of the abstract domain. This sets it apart from most precision-preserving
constructions in abstract interpretation, which refine the abstract side: the com-
plete shell, complete kernel [30], disjunctive completion, and reduced product
all extend an unsuitable abstract domain into one with the desired property.
The concrete, by contrast, is typically fixed by the semantics being analyzed, so
repairing it is less straightforward than repairing an abstract domain. It is, how-
ever, not immutable: static analyzers routinely adopt a more restrictive concrete
semantics for soundness reasons—excluding, e.g., non-memory-safe executions
or the use of reflection—and such restrictions shrink the fibers of «, which is
precisely what can remove the infinite descending chains obstructing generator-
density. This raises a natural open direction: when can a non-GDGC concrete
domain be restricted or extended into a GDGC one? Possible routes include
excluding behaviors, adjoining synthetic minima to fibers that lack them, fiber-
wise completions in the spirit of the constructions of [30] but applied on the
concrete side, or completions analogous to the generator representation of con-
vex polyhedra given by the Weyl-Minkowski theorem [22]. And what do such
transformations represent semantically and topologically?

GDGCs form a stricter class than general GCs, and hence than many of those
used in practice. This is the price of the reduction: Thm. 6 replaces a check over
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the entire concrete domain by one on the generators alone, and a reduction this
strong cannot be expected to hold for every GC. Generator-density does hold,
however, for some GCs of practical interest—bounded intervals over a finite set
of machine-representable values, the domain underlying interval bound propa-
gation in neural-network verification [25,32], and the sign domain—as well as
for the dependency and allocation-site abstractions, for which, to the best of
our knowledge, no analogous reduction had been observed. When one wishes
to abstract such domains further, Sec. 5 shows how generator-density can be
preserved. One way to widen the scope is to relax the density requirement it-
self: a partial generator-density, admitting some (but not all) concrete properties
lying above no generator, would keep Thm. 6 applicable on the subset of con-
crete properties that do cover a generator, weakening its conclusion from global
partial completeness to partial local completeness on that subset. Beyond GCs,
frameworks lacking a best abstraction—convex polyhedra being the standard
example—could be accommodated by admitting a partial «, or via the weak-
closure operators of the Galois-connection-less framework of [36].

Several other directions remain open. What does generator-density buy in
the verification of assertions, contracts, or pre/post-conditions encoded as ab-
stract elements? Cor. 2 suggests that, under GDGC, certifying an assertion at
every generator is equivalent to certifying it on every concrete state, so that a
check over arbitrary concrete states is replaced by one over structurally simple,
canonical witnesses. But what can be said when a specification is not satisfied?
A deeper investigation is needed in this direction.

We showed that the standard product preserves generator-density, but whether
the reduced product, the disjunctive completion, or the open product of [15] pre-
serves it is open and deserves a future investigation.

A further direction concerns code obfuscation, which can be read as the de-
liberate injection of incompleteness into a static analyzer [27,28], and whose
effectiveness against abstract-interpretation-based analyzers has recently been
assessed empirically [3]. Under generator-density, Thm. 6 localizes the impre-
cision incurred at any concrete input at a generator below it: generators are
therefore the natural target of such transformations, and a natural yardstick for
measuring obfuscation potency.

A complementary, program-side direction is to study the class of programs
that map generators to generators. When this property holds, the impreci-
sion bound of Thm. 6 propagates through computation while remaining itself
generator-based, suggesting an inductive characterization of partial complete-
ness restricted to generator-preserving programs. Monotone programs [9] pro-
vide a natural setting where this preservation holds, and a systematic study of
generator-preservation in connection with that work appears promising.
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A Proofs Omitted from the Main Text

Proof (Theorem 1). Fix (a1,a2) € A1 X Ay and (c1,¢2) € a3 (a1, az), that is,
a1(c1) = a1 and as(ca) = ag. By generator-density of the first factor, there is
g1 € Y(a1) with g1 Ty ¢1; by generator-density of the second factor, there is
92 € 9(az) with go Ty co. We verify that (g1, 92) € ¥(a1,a2) and (g1,92) T«
(c1,c2).

Fiber membership. ax(g1,92) = (a1(g1), a2(g2)) = (a1, az).

Minimality. By Prop. 1 it suffices to show (g1,¢92) € Min(ay (a1, az2)). Sup-
pose, for contradiction, that (c},c5) Tx (g1,92) with ax(c}, ) = (a1,a2). By
definition of the product order, ¢j 1 g1 and ¢4 Ty go, with at least one inequal-
ity strict. Say ¢| C1 g1 (the other case is symmetric). Then aq(c}) = a1 = a1(g1),
contradicting g1 € Min(ay' (a1)). O

Proof (Theorem 2). Fix ¢ € X — A and ¢ € ay,,(¢), that is, a(¢(x)) = ¥ (x)
for every x € X. For each z € X, ¢(z) € o' (¢p(x)); by generator-density of the
base GC there exists g, € 4(¢(x)) with g, C¢ ¢(z). Using the axiom of choice
over X, pick one such g, for every x simultaneously and define qAS : X = C by
b(x) =2 g,. We verify ¢ € () and ¢ C,p ¢.

Fiber membership. For every © € X, apw(gz;)(:r) = a(gy) = ¥(x), hence
Qpy (Qb) =1

Minimality. Suppose ¢’ Tpy ¢ with pw (@) = 1. Then ¢'(z) Ce </;(x) = g
for every x, with strict inequality at some z¢ € X. Since a(¢'(xg)) = ¥ (o) =
a(gz, ), we would have an element strictly below g, in o (¢(x0)), contradicting
Gay € Min(ar (¢(20))). Hence ¢ € Min(c,, (1)) =9 (1) by Prop. 1. O

Proof (Theorem 4). Assume that, for every a € A, the fiber a*(a) satisfies DCC
with respect to C¢. By Def. 6 and Prop. 1, it suffices to show that for every
a € A and every ¢ € a'(a) there exists g € Min(a(a)) with g C¢ ¢. Fix such
a and ¢, and consider the sub-poset

F.={de€ea'(a)|d Cec} Ca'la).

F. is non-empty because ¢ € F.. By hypothesis a'(a) satisfies DCC, and F.
inherits DCC as a sub-poset, hence admits a minimal element: pick g € Min(F,).
We claim g € Min(a(a)). Suppose, for contradiction, ¢’ € a'(a) with
" Ceg. Then ¢’ Ce g Ce e, 80 ¢ € F,, and ¢’ C¢ g contradicts g € Min(F,).
Hence g € Min(a*(a)) = 4(a) (Prop. 1), and by construction g C¢ c. O
Proof (Theorem 5). Let GC; : (p(X), C) <Z_—I> (p(Y), C) be elementwise via a
Ui
function n : X — Y. Let GCy : (p(Y), C) <;_—2> (A’,C 4/) be generator-dense.
Consider a = a0 ay, for the composed abstraction.
Fix ' € A" and S € a'(a’), that is, aa(a,(S)) = a’. Since ay)(S) € a3 (a)
and GCj is generator-dense, there exists T' € ¢(a’) in GCy with T C a,(S).
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By construction of o, T' C a,(S) = {n(x) | x € S}, so for every y € T the
set SN 7' (y) is non-empty. Pick ¢, € SNy (y) for each y € T, and define

S°={t,|yeT}CS.

We verify S° € ¢4(a’) in the composed GC.

Fiber membership. By construction n(¢,) = y for every y € T', hence a,(5°) =
T and «(S°) = ae(T) = d'.

Minimality. Suppose S” C S° with «(S”) = o'. Pick £,, € S° ~ S". By
construction £, is the unique element of S° mapped to yo by 7, so n(¢) # yo for
every £ € S”; hence yo ¢ a,(S”),1.e., a,(S”) C T.But o, (S”) € a3 (a’) (because
as(ay(S")) = a(S") = d’), so we obtain an element of a3'(a’) strictly below T,
contradicting T' € Min(a3 (a’)) (Prop. 1). Hence S° € Min(a™(a')) = 9(a’) in
the composed GC. a

Proof (Theorem 6). Assume f* is e-partially locally complete at G, i.e.,

Vg € G.dalal(f(9)), f1(alg))) < elg).

Fix an arbitrary ¢ € C; we show d4(a(f(c)), ff(a(c))) < é(c).
By generator-density of the GC, ¥ (a(c))c. # @. Pick any g € 9(a(c))ce,
that g € 9(a(c)) and g C¢ c. By definition of generator (Def. 4), a(g) = a(c )

hence
Fia(g) = fHa(e) . (%)

By monotonicity of f and g C¢ ¢, f(9) C¢ f(c). By monotonicity of « (a
property of every GC), a(f(g)) Ca a(f(c)). Combined with soundness of f*
(ie., a(f(c)) Ca f*(alc))), we obtain the three-element chain

a(f(g)) Ea a(f(c)) Ca fHa(e))
which, using (x), rewrites as
a(f(9)) Ca a(f(e)) Ca fH(alg))-
Applying axiom (chain-order) of the C 4-compatible pre-metric §4 to this chain

yields
da(a(f(e), fHale)) < dalalf(9)), FH(a(9))),

where we have again used (%) on the right to rewrite f#(a(c)) as f#(a(g)). By the
e-partial local completeness hypothesis at g € G, d4(a(f(g )) fa(g))) < elg).

Chaining;:
da(a(f(e), fH(ale)) < e(g).

Since this inequality holds for every g € ¥(a(c))c. and (by generator-density)
this set is non-empty, we may pass to the infimum on the right-hand side:

dala(f(e)), f(al)) < infle(g) | g € Y(alc))ce} = é(c).

As ¢ € C was arbitrary, f* is é-partially complete. ad
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Proof (Corollary 2). (<) If f is complete, a(f(c)) = f¥(a(c)) for every ¢ € C,
and in particular, since G C C, for every ¢ € G: f* is locally complete at G.

(=) We instantiate Thm. 6 with §4 = 67 (the equality distance of Ex. 13) and
e = 0. The hypothesis of generator-density is assumed, and 07 is a strong C 4-
compatible pre-metric. Local completeness of f* at G reads a(f(g)) = f¥(a(g))
for every g € G, which by axiom (if-identity) of 65 is equivalent to

Talalf(9), fia(9))) = 0 = elg).

Thus f* is 0-partially locally complete at G, with 0 = Az.0. Thm. 6 then gives
f% é-partially complete, with

é(c) = inf{0| g€ 4(a(c))cet =0
for every ¢ € C (the infimum of a constant-zero set is zero). Hence

5Z(a(f (), fA(alc)) = 0

holds for all ¢ € C. By soundness of f* a(f(c)) Ca f¥(alc)), so the pair
(a(f(c)), f¥(a(c))) is comparable. Since 07 is strong—axiom (chain iff-identity)—
zero distance on a comparable pair forces equality: a(f(c)) = f*(a(c)) for every
¢ € C, which corresponds to completeness of f*. a
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